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Instruction to Candidate

1. Answer all questions.

2. Answer all questions on the answer sheets.




1. Let z = \/y+ f(y/x —1). Determine the functions f(z) and z if z = x at
y = 1.

Solution: Substituting y = 1 in the equation z = \/y+ f (v/x — 1) we
find x = 1+ f (y/z — 1). Let us denote v/z—1 by v. Then x = (1+u)>.
Therefore from = =1+ f (y/z — 1) we have,

(1+u)? =1+ f(u),
flu) = (1+u)?
=1+2u+u®—1
= u® + 2u

Then substituting the value of the function f(u) in the original equa-
tion

2=y + f(Vr-1)

we obtain

z=y+ f(Vz-1)
- Vi+ (Ve -1 +2(Vz—1)
=+ -2z +1+4+2Jx—2
=Vy+ao—1

Therefore the final answer is f(z) = 2? + 2z and z = /y + = — 1.

Remark: Note that in the final answer z = /y + 2 — 1 the domain
of z looks like the set {(z,y) € R?|y > 0}, but this is not the ease
since the original equation involves the expression y/x. Therefore, the
domain of z is

D = {(x,y) € R*|lz >0,y > 0}.
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2. Find the minimum value of f(x,y, z) = x2+y2+%, given that z+y+2z =

10.

Solution:

10=z+y+=2

but f(1,1,1) = ot Therefore, 5 is the minimum value.

Now, we investigate the function to maximum.Let z = n — 10,y =
—n,z = 0 which satisfies the equation x + y + z = 10, where n is
positive integer. Where as,

f(n—10,-n,0) = (n — 10)* + n* — oo

as n — 0o. Hence, maximum value of f(z,y, z) do not exist.
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3. Find \
142243+ 40"
lim .

n—00 n"

Solution:

Since

Hence,
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4. Let

n—2

Show that F}, =

Solution:
Let u=2""2 du= (n—2)x"3
dv = :1:26_”53dx, v = —%

[ xn7267:c3_oo 006fo 3
= |- 2)x"°d
3 +/0 3 (n —2)z" dx
i n—2 —a3 | 00
_ |7 e n_Q/ " e dy
3, 3/,
n—2 x| )
_ X e n Fn_g
3 3
0

The first term on RHS:
As z — 00, e *’ — 0 faster than 2" 2 — .

xn—Qe—x3 o
Therefore B — 0 as z — oo.
0
—2
Fn - n Fn—S
3
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5. Calculate

Solution:
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6. Find a polynomial with integer coefficients vanishing at = = v/2 + /3.

Solution:

Let us consider the polynomial p(z) = = — (\/§ + \/3) The poly-
nomial p(z) is not a polynomial with integer coefficients. Let us re-
move the irrationality from p(z). To do this we multiply p(x) by

g(z) =2+ (V2+v3)2? — (5-2v6) z — (V2 - V3).
Indeed,

f(z) = p(z) - q(z) = 2* —102* + 1
has integer coefficients and
7(v2+vE) = (Va+va) —10(va+va) 1
=0

The construction of g(x) is as follows. Multiplying p(z) by ¢1(z) =
x + (\/§ + \/§) we obtain

p(z) - q(z) = 2° — (\/§+ \/5)2
= (2 —5) —2V6
Then we multiply p(z) - ¢1(x) by
p(e) = (2~ 5) + 2V6

to get

2
ple)ar (2)ge() = (a* = 5)2 — (2v6)
= 2% — 102* + 25 — 24
=gt — 1022 + 1
Therefore, ¢(x) = ¢1(x)g2(x) is the required polynomial to remove the

irrationality from p(x).
The answer is f(z) = 2* — 102% + 1.
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